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Abstract— In this paper, a direction-of-arrival (DOA)-based factor
graph (FG) technique is proposed for three-dimensional (3D) track-
ing. Multiple sensors are utilized in this system, which could mea-
sure both azimuth and elevation DOAs emitted from an anonymous
target. To realize non-linear tracking, a modified extended Kalman
filter (EKF) is proposed. Specifically, on the one hand, the proposed
EKF observer is no longer independent of the EKF predictor, but
instead takes the predicted target location into its operation. With
this technique, the accuracy of detection is improved while the com-
putational complexity is dramatically reduced. On the other hand,
the variance of the EKF observer error is estimated in real time,
based on the predicted Cramer-Rao bound (PCRB). Therefore, the
robustness of detection can be guaranteed even with an unstable
sensing environment. In this sense, the EKF observer and the EKF
predictor are operated in an integrated FG framework. The advantages of the proposed technique are verified by both
complexity analyses and simulation results.

Index Terms— 3D tracking, multi-sensor system, DOA, Factor graph, EKF.

I. INTRODUCTION

LOCATION detection and tracking are expected to play
more important roles in future wireless communications

[1], [2]. For applications such as connected and autonomous
vehicles (CAVs), smart logistics and unmanned factories,
conventional techniques which merely rely on the global nav-
igation satellite system (GNSS) [3] may not satisfy higher re-
quirements in terms of accuracy, robustness and latency. Espe-
cially for indoor and dense urban scenarios, the GNSS signals
could be significantly blocked. To address such problems, local
systems with multiple sensors are gaining increased attention
in recent years. In [4], [5], the autonomous vehicles perform
environment sensing with local devices such as cameras, radar
and light detection and ranging (LiDAR). An enhancement
of location detection techniques can be also found in the
Bluetooth 5.1 specification issued by the Bluetooth special
interest group (SIG), where directional information of multiple
access points (APs) is utilized [6], [7]. Moreover, location
detection of mobile devices supported by the fifth generation
(5G) cellular network is also a promising topic, which has been
introduced in the Third Generation Partnership Project (3GPP)
[8], [9]. Obviously, the future wireless systems should not only
consider two-dimensional (2D) use cases, but also focus on
three-dimensional (3D) scenarios.
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Since the network density is continuously increasing, the
availability of multiple sensors may not be a bottleneck for
most of the applications. An overview on recent multi-sensor
tracking utilizing the random finite set (RFS) method has
been shown in [10]. However, in practice, the capability of
each individual sensor could be limited for cost and power
saving purposes. Considering this restriction, a factor graph
(FG) [11] algorithm is proposed in this paper. The benefits of
using FG are twofold. First of all, sensors are not required to
transmit all the measured data to the fusion center, but only
a few parameters describing their probability density function
(PDF) properties [12]. Therefore, high latency and high power
consumption can be avoided for the up-link transmissions.
Secondly, the stochastic properties of measurement errors are
efficiently and effectively considered in the FG algorithm [13].
Hence, the performance of the multi-sensor system with FG
is very robust [14], such that the individual sensor should not
necessarily be at a high cost.

FG is first applied to location detection in [12] using time-
of-arrival (TOA) measurements, which is shown to be more
accurate than the conventional least square (LS) approach [15].
Extensions of FG to the received-signal-strength (RSS) can be
found in [16]. However, the two schemes mentioned above are
not considered in this paper due to their requirements of strict
time synchronization and off-line signal training, respectively,
which are not possible for detecting anonymous emitters. The
time-difference-of-arrival (TDOA) scheme proposed in [17] is
capable of detecting anonymous target, since neither timing
nor strength of the emitting signal is required. However, the
performance is too sensitive to the TDOA measurement error,
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due to the light speed of signal. Therefore, this paper focuses
on the direction-of-arrival (DOA) scheme, which has a much
smaller sensitivity towards the measurement error. Moreover,
the multi-path effect on DOA schemes may not be significant
in future networks if mmWave communications are supported
due to the beamforming capability. Note that the DOA-based
FG algorithm has been studied in our work [14] for a 2D
location detection. Derivations of the corresponding Cramer-
Rao bound (CRB) [18], [19] is also presented, which takes
into account the number of measurement snapshot for each
detection. It has been then extended to a 3D and multi-target
scenario in [20], where the association of each target with
multiple DOAs received at multiple sensors is studied.

DOA-based FG is first proposed for 2D tracking of an
anonymous target in [21]. After that, a 3D tracking using
DOA-based FG is studied in [22]. However, the novelty of [22]
is not sufficient, because it only directly combines the location
detection technique proposed in [20] and the conventional
extended Kalman filter (EKF). As presented in [20], a number
of trigonometric operations are involved in the factor node
functions in each step, which leads to a high computational
complexity when tracking a moving target as in [22]. In
addition, a 3D tracking system using hybrid TOA-DOA FG is
studied in [23]. Note that the proposed technique in [23] only
decomposes the 3D problem into three existing 2D problems
studied in [12] and [21], which is unfortunately not efficient
and causes a very high computational complexity.

Instead, this paper proposes a low-complexity 3D tracking
algorithm with an enhanced EKF, where the EKF observer
and the EKF predictor are connected, forming a unified FG
framework. The EKF observer here refers to as a newly-
proposed FG location detector (FG-LD) in the 3D scenario.
In each step, the target location detected by the FG-LD is
to refine the output of the EKF predictor, in order to obtain
the optimized tracking result. In contrast with the technique
used in both [20] and [22], the proposed FG-LD in this paper
exhibits a significant reduction of computational complexity
and a higher accuracy of detection. These advantages are
achieved by utilizing the output of the EKF predictor as an
input of the EKF observer, such that the factor node functions
in the FG-LD can be approximated in linear forms. Moreover,
even though the exact target location is unknown, the CRB
of the proposed 3D tracking system in each step can be
estimated in real time, based on the predicted target location.
The predicted CRB (PCRB) is then used as the variance of
the EKF observer error to refine the predicted target location
yielding the optimized tracking result.

The main contributions are summarized as follows:
1) a unified DOA-based FG framework is proposed for 3D

tracking of an anonymous target;
2) the proposed technique is shown to be more accurate,

while achieving a significant reduction of computational
complexity compared with the existing work [22];

3) The robustness of the proposed system against dynamic
measurement errors is exhibited.

The organization of this paper is as follows. First of all,
the system model is introduced in Section II. After that,
the proposed FG-EKF is described in Section III, which is

followed by the proposed FG-LD in Section IV. Then, in
Section V, the complexity of the proposed FG-LD is analyzed.
Moreover, the proposed system is numerically verified in
Section VI by a series of simulations. Finally, the conclusion
of this work is provided in Section VII.

II. SYSTEM MODEL

In this paper, a non-linear discrete state space model (SSM)
is assumed. The target state, i.e. the 3D location, at step k is
represented by sk = [xk, yk, zk]

T , with k = {1, 2, ...,K}.
The process equation which describes the real movement of
the target is given by

sk = fk (sk−1) + wk, (1)

where fk(·) is a non-linear process function, and wk =
[wx,k, wy,k, wz,k]

T representing a Gaussian-distributed noise
vector, with each element following N

(
0, σ2

w

)
. Since the

target is assumed to be anonymous in this paper, fk(·) will
be unknown to the fusion center. Therefore, a real-time ap-
proximation of fk(·) is needed to realize tracking.

In order to approximate fk(·) into a linear function, the
first order Taylor expansion is performed at α, such that
fk (sk−1) ≈ fk (α) + fk

′ (α) (sk−1 − α). Since α should be
chosen close to sk−1, fk(α) is supposed to be close to sk
according to (1), while sk is supposed to be close to sk−1
with only one step difference. Therefore, assuming fk(α) is
close to sk−1, (1) can be approximated by

sk ≈ sk−1 + vk−1 + wk, (2)

where a remainder term vk−1 is introduced, which is to be
updated during the dynamic EKF process. Note that (2) is
accurate only if the target does not move very far between
two adjacent steps.

Moreover, N distributed sensors with the location
(Xn, Yn, Zn) are known to the fusion center, where n ∈
{1, 2, ..., N} representing the sensor index. Let ϕn,k and θn,k
denote the true azimuth and elevation DOAs, respectively. In
practice, ϕn,k and θn,k will be measured by sensor n at step
k with L snapshots, which can be modeled by

ϕ̂n,k,l = ϕn,k + uϕ,n,l, (3)

θ̂n,k,l = θn,k + uθ,n,l, (4)

with l ∈ {1, 2, ..., L}, and L depends on the practical system
capability. The measurement noises uϕ,n,l and uθ,n,l are
assumed to be Gaussian-distributed, with uϕ,n,l ∼ N

(
0, σ2

ϕ,n

)
and uθ,n,l ∼ N

(
0, σ2

θ,n

)
. Moreover, ϕn,k and θn,k can be

expressed by functions F (·) and H(·) as follows

ϕn,k = F (n, sk)

= arctan

(
Yn − yk
Xn − xk

)
, (5)

θn,k = H(n, sk)

= arctan

[
Zn − zk√

(Xn − xk)2 + (Yn − yk)2

]
. (6)
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Fig. 1: Proposed FG structure for EKF.

Without relying on EKF, the real target location sk at step
k can be initially detected by the proposed FG-LD, based
on the azimuth and elevation DOAs measured at each sensor.
Therefore, the connection between sk and the FG-LD’s output
rk can be modelled by the EKF observation equation as

rk = g (sk) + ek, (7)

where g (sk) returns the mean of the detected target location by
the FG-LD. Due to the Gaussian assumption of the proposed
FG algorithm, each element of the observation noise vector
ek follows N

(
0, σ2

ek

)
. Besides the deployment of sensors,

the smallest σ2
ek

is theoretically determined by σϕ, σθ and the
measurement snapshot number, according to the CRB.

III. FG-EKF

The diagram illustrating the proposed FG-EKF for an SSM
can be seen in Fig. 1. A maximum posterior probability (MAP)
estimator is used in this paper, because the predicted target’s
state is also utilized regarded as the a priori information to
the FG-EKF, besides the likelihood based on the observation.
Specifically, the maximization of p (sk,vk|r1:k) is aimed at,
where (·)1:k represents the continuous data from step 1 to
k. First, the marginal function of sk and vk, represented by
p̂ (sk,vk) can be expressed by

p̂ (sk,vk) = p (sk,vk|r1:k)

=
∑

∼sk,∼vk

p (s1:k,v1:k|r1:k) , (8)

where the operator ∼ denotes exclusion. Further factorization
of the conditional PDF function in (8) can be expressed by

p (s1:k,v1:k|r1:k)

=
p (rk|s1:k,v1:k, r1:k−1) p (s1:k,v1:k, r1:k−1)

p (r1:k)
(9)

=
p (rk|sk) p (s1:k,v1:k, r1:k−1)

p (r1:k)
, (10)

where the derivation of (9) is according to the Bayes’ theorem,
and the derivation of (10) is based on the fact that rk only

depends on sk. Then,
p (s1:k,v1:k, r1:k−1)

p (r1:k)

=
p (s1:k,v1:k, r1:k−1)

p (r1:k−1) p (rk|r1:k−1)
(11)

=
p (sk|sk−1,vk−1) p (vk|vk−1) p (s1:k−1,v1:k−1|r1:k−1)

p (rk|r1:k−1)
,

(12)

assuming that sk and vk do not depend on r1:k−1. By omitting
the denominator p (rk|r1:k−1) in (12) and substituting it into
(10), p (s1:k,v1:k|r1:k) can be further expressed by

p (s1:k,v1:k|r1:k)

∝
∏
1:k

p (sk|sk−1,vk−1) p (vk|vk−1) p (rk|sk) , (13)

where
∏

from step 1 to k is introduced because
p (s1:k−1,v1:k−1|r1:k−1) in (12) denotes the final output of the
FG-EKF at the previous step in a recursive way. Specifically,
p (sk|sk−1,vk−1) p (vk|vk−1) represents the a priori informa-
tion, and p (rk|sk) represents the likelihood. The realization
of the FG-EFK contains three steps as follows, where the
message flows and factor node functions involved in Fig. 1 are
detailed. Note that the a priori in (13) is used for predicting
the target’s state as shown in (14), and the likelihood is used
for refining the predicted state as shown in (15), and updating
vk as shown in (16) and (17).

1) Prediction: Given the optimized FG-EKF output at step
k − 1, the target state at step k can be predicted, denoted
by sk|k−1. Specifically, a prediction function h1(·) is defined,
such that sk|k−1 = h1(sk−1,vk−1) = sk−1+vk−1. As can be
seen in Fig. 1, the message of the predicted state µc(sk|k−1)
can be expressed by

µc(sk|k−1)

=
∑
sk−1

∑
vk−1

h1(sk−1,vk−1)µa(sk−1)µb(vk−1). (14)

Note that µc(sk|k−1) is calculated only based on the a priori
information.

2) Refinement: After that, µc(sk|k−1) is further refined
by the observation message µd(rk), which results in the
optimized state message µe(sk) at at step k. As shown in
Fig. 1, µe(sk) can be expressed by

µe(sk) = µc(sk|k−1)µd(rk). (15)

Importantly, the mean of µd(rk), i.e., mµd(rk), is to be
obtained by the proposed FG-LD as detailed in Section IV.
However, the update of σ2

µd(rk)
is not straightforward, because

it does not equal to σ2
rk

, but equal to σ2
ek

shown in (7). One
conventional way is to fix it empirically. In contrast, this paper
proposes to predict the theoretical CRB in each step, referred
to as the PCRB, based on the real locations of the sensors and
the predicted target location given by the EKF predictor. Then,
the PCRB calculated at step k will be used as the estimate
of σ2

ek
during the FG-EKF process. The way of calculating

CRB can be found in [20], where the only modification for
calculating PCRB is to replace the real target location at each
step by the predicted one given by the EKF predictor.
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3) Update: Once the optimized tracking output sk is ob-
tained, it is necessary to update the vector vk as required in
the next step. With the assumption that the process equation
(1) is not available in practice, the update of vk can be done by
refining vk−1 with a correction term v̂k. As shown in Fig. 1,
v̂k can be derived by

µf (v̂k) =
∑
sk−1

∑
sk

h2(sk−1, sk)µa(sk−1)µe(sk), (16)

where the message flow µe(sk) corresponds to the output of
the FG-EKF at step k, and h2(sk−1, sk) = sk− sk−1. Finally,
the updated vector vk can be expressed by

µg(vk) = µb(vk−1)µf (v̂k). (17)

IV. 3D FG-LD
In this section, the proposed 3D FG-LD algorithm is de-

tailed for acquiring the observation rk, where the FG structure
is shown Fig. 2. It mainly focuses on the linear approximations
of the factor node functions F (·) and H(·) originally defined
in (5) and (6), respectively. The linear operations among
DOAs and the target locations are to ensure the Gaussianity of
messages processed in the FG-LD algorithm. To be specific,
F (·) corresponds to the approximated equations (24) and (25),
and H(·) corresponds to the approximated equations in (35)-
(37). After that, the message flows involved in the FG-LD are
also derived.

A. Linear Approximation of F(·)
Note that F (·) only takes the azimuth DOAs, which corre-

sponds to the (x, y) coordinate. By applying the first order
Taylor series (TS) expansion, the true azimuth DOA ϕk
defined by (5) can be linearly approximated, centering at a
location ∆, as

ϕk ≈ F (∆) +
∂F (sk)

∂xk
(xk −∆x) +

∂F (sk)

∂yk
(yk −∆y) ,

(18)

where ∆ = [∆x,∆y,∆z]
T and the sensor index n is omitted

for simplicity. Clearly, the accuracy of (18) can be guaranteed
if ∆ and sk are close. In this work, ∆ is proposed to be the
predicted target state at the current step, based on the previous
FG EKF’s output, i.e., ∆ = sk|k−1. More specifically,

sk|k−1 = sk−1 + vk−1. (19)

Therefore, (18) can be further expressed by

ϕk ≈ Caxk + Cbyk + Cc, (20)

where Ca, Cb and Cc are all constants in each step, which
can be given by

Ca =
Y − yk|k−1

(X − xk|k−1)2 + (Y − yk|k−1)2
, (21)

Cb =
−(X − xk|k−1)

(X − xk|k−1)2 + (Y − yk|k−1)2
, (22)

Cc =
−(Y − yk|k−1)xk|k−1 + (X − xk|k−1)yk|k−1

(X − xk|k−1)2 + (Y − yk|k−1)2

+ arctan

(
Y − yk|k−1
X − xk|k−1

)
. (23)
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Fig. 2: Proposed FG structure for location detection.

Therefore, the target location projected onto the x-y plane can
be linearly expressed by

xk =
θk − Cbyk − Cc

Ca
, (24)

yk =
θk − Caxk − Cc

Cb
. (25)

B. Linear Approximation of H(·)

By contrast, H(·) corresponds to the (x,y,z) coordinate.
According to (6), the TS expansion of the true elevation DOA
θk can be expressed, centered at a 3D location ∆, as

θk ≈ H (∆) +
∑

γ∈{x,y,z}

∂H (sk)

∂∆γ
(γk −∆γ) . (26)

To guarantee the accuracy of this approximation, ∆ is also set
as ∆ = sk|k−1. After further derivations, (26) can be written
in a linear format by

θk =Da +Db

(
xk − xk|k−1

)
+Dc

(
yk − yk|k−1

)
+Dd

(
zk − zk|k−1

)
, (27)

where Da, Db, Dc and Dd are all constants in each step,
expressed by

Da =
(Z − zk|k−1)(X − xk|k−1)

d2xyzdxy
, (28)

Db =
(Z − zk|k−1)(Y − yk|k−1)

d2xyzdxy
, (29)

Dc =
dxy
d2xyz

, (30)

Dd =− arctan

(
Z − zk|k−1

dxy

)
+Daxk|k−1 (31)

+Dbyk|k−1 +Dczk|k−1, (32)

where

dxy =
√

(X − xk|k−1)2 + (Y − yk|k−1)2, (33)

dxyz =
√
d2xy + (Z − zk|k−1)2. (34)
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with the derivations shown above, the linear equations involved
in the factor node H can be given by,

xk =
1

Da
θk −

Db

Da
yk −

Dc

Da
zk −

Dd

Da
, (35)

yk =
1

Db
θk −

Da

Db
xk −

Dc

Db
zk −

Dd

Db
, (36)

zk =
1

Dc
θk +Daxk +Dbyk +

Dd

Dc
. (37)

C. Message Flow

After obtaining the linear approximations as above, mes-
sages interchanged between the factor nodes F , H and the
variable nodes rx, ry , rx will be described in this part.
Since the inputs of the FG-LD, i.e., the measured DOAs, are
assumed to suffer from Gaussian noises, messages output from
the linear functions can always keep Gaussian distributions.
Therefore, all the messages can be described only by their
means and variances. The description starts from the message
flows from the factor nodes to the variable nodes.

As shown in Fig. 2, the proposed FG-LD algorithm for
the azimuth DOA part is enclosed by blue dashed lines. At
the beginning, messages of the azimuth DOA measurements
from N sensors are fed into the function node F , with
ϕn ∼ N

(
mϕn , σ

2
ϕn

)
, n ∈ {1, 2, ..., N}. Let µF→rxn and

µ
F→ry
n denote the messages forwarded from F to rx and ry ,

respectively, corresponding to the n-th sensor. Note that the
subscript k is omitted for simplicity. Specifically, µF→rxn and
µ
F→ry
n can be updated as follows.

mµF→rxn
=

1

Ca
mϕn −

Cb
Ca

m
µ
F←ry
n

− Cc
Ca

, (38)

σ2
µF→rxn

=
1

C2
a

σ2
ϕn +

(
Cb
Ca

)2

σ2

µ
F←ry
n

, (39)

m
µ
F→ry
n

=
1

Cb
mϕn −

Ca
Cb
mµF←rxn

− Cc
Cb
, (40)

σ2

µ
F→ry
n

=
1

C2
B

σ2
ϕn +

(
Ca
Cb

)2

σ2
µF←rxn

. (41)

On the other hand, the proposed FG-LD algorithm for
elevation DOA part is enclosed by pink dashed lines. Initially,
the messages of elevation DOA measurements from N sensors
are first fed into the factor node H , with θn ∼ N

(
mθn , σ

2
θn

)
,

n ∈ {1, 2, ..., N}. Let µH→rxn , µH→ryn and µH→rzn denote
the messages forwarded from H to the variable nodes rx, ry
and rz , respectively, corresponding to the n-th sensor. Note
that the subscript k is also omitted for simplicity. During the
operation of the FG-LD, µH→rxn , µH→ryn and µH→rzn can be

updated according to the following equations,

mµH→rxn
=

1

Da
mθn −

Db

Da
m
µ
H←ry
n

− Dc

Da
mµH←rzn

− Dd

Da
,

(42)

σ2
µH→rxn

=
1

D2
a

σ2
θn +

D2
b

D2
a

σ2

µ
H←ry
n

+
D2
c

D2
a

σ2
µH←rzn

, (43)

m
µ
H→ry
n

=
1

Db
mθn −

Da

Db
mµH←rxn

− Dc

Db
mµH←rzn

− Dd

Db
,

(44)

σ2

µ
H→ry
n

=
1

D2
b

σ2
θn +

D2
a

D2
b

σ2
µH←rxn

+
D2
c

D2
b

σ2
µH←rzn

, (45)

mµH→rzn
=

1

Dc
mθn +DamµH←rxn

+Dbmµ
H←ry
n

+
Dd

Dc
,

(46)

σ2
µH→rzn

=
1

D2
c

σ2
θn +D2

amµH←rxn
+D2

bmµ
H←ry
n

. (47)

During each iteration, messages flowed from F and H to
their corresponding variable nodes will be updated simultane-
ously. In (38)-(41), µF←rxn and µF←ryn represent the messages
flowed from rx and ry to F , respectively, corresponding to the
n-th sensor. Specifically, µF←rxn and µ

F←ry
n can be updated

according to the following equations,

σ2
µF←rxn

=
1∑

i∈{1:N}\n

1
σ2

µ
F→rx
i

+
∑

i∈{1:N}

1
σ2

µ
H→rx
i

, (48)

mµF←rxn
= σ2

µF←rxn

 ∑
i∈{1:N}\n

mµF→rxi

σ2
µF→rxi

+
∑

i∈{1:N}

mµH→rxi

σ2
µH→rxi

 ,

(49)

σ2

µ
F←ry
n

=
1∑

i∈{1:N}\n

1
σ2

µ
F→ry
i

+
∑

i∈{1:N}

1
σ2

µ
H→ry
i

, (50)

m
µ
F←ry
n

= σ2

µ
F←ry
n

 ∑
i∈{1:N}\n

m
µ
F→ry
i

σ2

µ
F→ry
i

+
∑

i∈{1:N}

m
µ
H→ry
i

σ2

µ
H→ry
i

 .

(51)

Similarly, in (42)-(47), µH←rxn , µH←ryn and µH←rzn repre-
sent the messages flowed from variable nodes rx, ry and rz to
H , respectively, corresponding to the n-th sensor. Specifically,
µH←rxn , µH←ryn and µH←rzn can be updated according to the
following equations,

σ2
µH←rxn

=
1∑

i∈{1:N}\n

1
σ2

µ
H→rx
i

+
∑

i∈{1:N}

1
σ2

µ
F→rx
i

, (52)

mµH←rxn
= σ2

µH←rxn

 ∑
i∈{1:N}\n

mµH→rxi

σ2
µH→rxi

+
∑

i∈{1:N}

mµF→rxi

σ2
µF→rxi

 ,

(53)
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σ2

µ
H←ry
n

=
1∑

i∈{1:N}\n

1
σ2

µ
H→ry
i

+
∑

i∈{1:N}

1
σ2

µ
F→ry
i

, (54)

m
µ
H←ry
n

= σ2

µ
H←ry
n

 ∑
i∈{1:N}\n

m
µ
H→ry
i

σ2

µ
H→ry
i

+
∑

i∈{1:N}

m
µ
F→ry
i

σ2

µ
F→ry
i

 ,

(55)

σ2
µH←rzn

=
1∑

i∈{1:N}\n

1
σ2

µ
H→rz
i

, (56)

mµH←rzn
= σ2

µH←rzn

∑
i∈{1:N}\n

mµH→rzi

σ2
µH→rzi

. (57)

When the iteration of messages between {F,H} and
{rx, ry, rz} achieve a pre-defined limit J , finally,

σ2
rx =

1∑
i∈{1:N}

(
1

σ2

µ
H→rx
i

+ 1
σ2

µ
F→rx
i

) , (58)

mrx = σ2
rx,n

∑
i∈{1:N}

(
mµH→rxi

σ2
µH→rxi

+
mµF→rxi

σ2
µF→rxi

)
, (59)

σ2
ry =

1∑
i∈{1:N}

(
1

σ2

µ
H→ry
i

+ 1
σ2

µ
F→ry
i

) , (60)

mry = σ2
ry,n

∑
i∈{1:N}

mµ
H→ry
i

σ2

µ
H→ry
i

+
m
µ
F→ry
i

σ2

µ
F→ry
i

 , (61)

σ2
rz =

1∑
i∈{1:N}

1
σ2

µ
H→rz
i

, (62)

mrz = σ2
rz,n

∑
i∈{1:N}

mµH→rzi

σ2
µH→rzi

. (63)

By re-adding the subscript k, the mean of the message
µd(rk) shown in Fig. 1 can be assigned with mµd(rk) =
[mrx ,mry ,mrz ]

T . As mentioned before, σ2
µd(rk)

equals to σ2
e,

which can be estimated by the PCRB. The pseudo code for
implementing the proposed FG-EKF is provided in Algorithm
1 as follows.1

V. COMPLEXITY ANALYSIS

A complexity comparison of the proposed FG-LD and the
existing FG-LD in [20] is provided in this section. Specifi-
cally, the required addition (ADD), multiplication (MUL) and
trigonometric (TRI) operations for the both schemes within
one iteration number are listed in Tables I-II. Such analysis
allows a more precise quantitative comparison when J is fixed,
while the real complexity depends on how large J is required
to be for each scheme.

For the sake of simplicity, subtraction and division are
assumed to have the same complexity as addition and mul-
tiplication, respectively. Note that only the messages flowed

1Note that Algorithm 1 only works when k > 1. For k = 1, tracking
can not be performed due to the lack of historical data. Instead, s1 can be
assigned to the output of the location detector, and v1 can be set by 0.

Algorithm 1 Pseudo code of the proposed FG-EKF.

1: Initialization: sk−1, vk−1, J
2: Calculate mϕn,k , σ2

ϕn,k
, mθn,k , σ2

θn,k
for n = 1, ..., N

3: Calculate µc(sk|k−1) according to (14)
4: Calculate Ca, Cb, Cc according to (21)-(23), and Da, Db,
Dc, Dd according to (28)-(31)

5: j ← 1
6: while j 6= J do
7: Messages passing between {F,H} and {rx, ry, rz}
8: j ← j + 1
9: end while

10: Calculate mµd(rk) according to (59), (61) and (63)
11: Update σ2

µd(rk)
by the PCRB

12: Calculate sk based on (15)
13: Update vk based on (16) and (17)

from the function nodes F and H to the variable nodes rx, ry
and rz are considered in this section, as shown in Fig. 2. This
is because the messages flowed in the inverse direction are
identical in the two comparative schemes. Moreover, as shown
in Table II, the asterisk superscripts indicate the equation
numbers in [20].

According to Tables I-II, the required addition and multi-
plication operations for the two schemes are both proportional
to the number of FG iterations. Obviously, with the same
number of FG iterations in each step, the proposed FG-
LD requires less addition and multiplication operations than
the existing scheme, and such advantage will become more
obvious as the number of FG iterations increases. Moreover,
the proposed FG-LD only required 2 trigonometric operations
in each step. In contrast, the trigonometric operations required
in the existing scheme is still proportional to the number
of FG iterations. Even though the proposed FG-LD clearly
outperforms the existing one in terms of complexity when
the number of FG iterations is fixed, the actual complexity
depends on the number of FG iterations required by each of
the two schemes, which will be discussed in the convergence
analysis of the next section.

TABLE I: Complexity analyses of the proposed FG-LD.
Proposed FG-LD algorithm
Step Equation Operation

Ca, Cb, Cc, which are
constant at each step (21) ∼ (23)

6 ADD
8 MUL
1 TRI

Means and variances of
messages from F to rx and ry

(38) ∼ (41)
6J ADD
16J MUL
0 TRI

Da, Db, Dc, Dd, which are
constant at each step (28) ∼ (31)

4 ADD
6 MUL
1 TRI

Means and variances of
messages from H to rx, ry , rz

(42) ∼ (47)
15J ADD
27J MUL
0 TRI

Total
10+21J ADD
14+43J MUL
2 TRI

TABLE II: Complexity analyses of the existing FG-LD.
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Existing FG-LD algorithm
Step Equation Operation

Means of message from
factor node to ∆x, ∆y, ∆z

(24)∗ ∼ (29)∗
0 ADD
10J MUL
7J TRI

Variances of message from
factor node to ∆x, ∆y, ∆z

(30)∗, (31)∗ and
others omitted
in [20]

28J ADD
121J MUL
2J TRI

Means and variances of
messages in x↔ ∆x,
y ↔ ∆y and z ↔ ∆z

(32)∗ ∼ (37)∗
6J ADD
0 MUL
0 TRI

Total
34J ADD
131J MUL
9J TRI

VI. NUMERICAL VERIFICATION

A series of numerical results are provided in this section
for different scenarios. First, the advantage of the proposed
scheme over the existing one [20], [22] is presented, in
terms of the accuracy of detection. Then, the convergence and
robustness of the proposed system are also analyzed. In this
section, the real trajectory of the moving target is simulated
according to

xk = xk−1 + cos
(xk−1ω

k

)
+ wx,k, (64)

yk = yk−1 + sin
(yk−1ω

k

)
+ wy,k, (65)

zk = zk−1 + cos
(zk−1ω

k

)
+ wz,k, (66)

where ω = π/10. Note that the trajectory equations (64)-(66)
are only examples used in the simulations, which are similar
with the settings in [22] for fair comparisons. In addition,
100 steps are simulated for each of the scenarios, where the
detection at each step is assumed to be based on 100 snapshots
of the DOA measurements. The number of iterations within the
FG-LD is fixed at 15 except for the scenario of convergence
analysis. Note that the random seed is fixed in the simulations
for the sake of fair comparisons.

A. Advantage of Accuracy

In this part, the proposed FG-LD and tracking system are
compared with the existing one in terms of the average RMSEs
of detection during the whole movement. Three sensors are
respectively allocated at [80,−15, 5]

T , [−20,−10, 0]
T and

[−20, 80, 5]
T in the 3D coordinate with the unit of meter.

Note that such fixed deployment of sensors could not achieve
the best performance in theory for a moving target [24]. The
results are versus different standard deviations of the DOA
measurements. Without loss of generality, σϕ and σθ are set
equal to conveniently capture the performance tendency.

As shown in Fig. 3, the proposed FG-LD can achieve
clear gains over the existing one with lower average RMSE
values. Moreover, such performance gains will become more
obvious when the DOA measurements have a larger standard
deviation. Given the advantage of the proposed FG-LD, the
average RMSEs of the tracking results demonstrate similar
performance tendencies. To sum up, the proposed technique
is proved to be more accurate than the existing one.

σϕ and σθ (degree)
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Tracking with existing FG-LD
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Tracking with proposed FG-LD

Fig. 3: Comparisons of average RMSEs between the existing
and the proposed schemes.

B. Convergence Analysis

In this subsection, the average RMSEs of both the proposed
and the existing FG-LD are evaluated versus the FG iterations.
The deployment of sensors is assumed to be the same as the
previous scenario. Note that the convergence behavior directly
affects the computational complexity of the FG-LD algorithm,
in addition to the analysis in Section V.

According to Fig. 4, the average RMSE values of the
existing FG-LD are much higher when the iteration just starts,
while the curve dramatically declines and becomes stable after
around 7 iterations. On the contrary, the average RMSE curve
of the proposed FG-LD starts a bit lower, and finally becomes
flat after around 9 iterations. Even though the proposed FG-
LD requires a bit more iterations to reach the performance
convergence, it can achieve almost the same average RSME
as the existing technique after 7 iterations. Moreover, the
additional 2 iterations conducted by the proposed FG-LD
clearly results in a lower average RMSE value.

Hence, the proposed FG-LD does not require more iterations
than the existing one if the same performance of detection
is aimed at. Moreover, to achieve a better performance with
the proposed technique, the requirement of extra iterations is
less than 30% according to the simulations, such that the
complexity reduction is still huge. For instance, according
to Tables I-II, the trigonometric calculations involved in the
existing FG-LD with 7 iterations are 63 at each step, while
only 2 trigonometric calculations are needed with the proposed
FG-LD.

C. Robustness Analysis

Finally, a scenario considering dynamic standard devia-
tions of the DOA measurements is evaluated. Specifically,
σϕ and σθ are still kept the same in the simulations, but
randomly selected from {2◦, 4◦, 6◦, 8◦, 10◦} with an equal
probability in each step. Four sensors are used with the loca-
tions at [−100,−10, 0]

T , [−10,−10, 0]
T , [−50,−100, 0]

T and
[−50,−5, 10]

T in the coordinate with the unit of meter. Since
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Fig. 4: Convergence verification with different FG iteration
number.
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Fig. 5: Performance comparisons with dynamic observation
noises of the proposed tracking system.

the standard deviations of DOA measurements are assumed to
be dynamic, the variance of the observation noise ek appeared
in (7) may also change in real-time. As mentioned above, σ2

ek
used in the FG-EKF will be updated by the PCRB. Other
schemes assuming fixed σ2

ek
values are also evaluated for

comparisons.
As shown in Fig. 5, the tracking errors of all schemes

fluctuate over the whole movement. For each scheme in each
step, the error equals to the distance between the target’s
real location and the output of tracking. The RMSE with the
proposed tracking method is 2.59 meter in the simulation.
Other comparative schemes assuming fixed σ2

ek
are found with

more dramatic fluctuations of the performances, which results
in larger RMSE values. Therefore, the proposed tracking
scheme is found more robust against the dynamic measurement
errors.

VII. CONCLUSION

In this paper, a DOA-based FG algorithm has been proposed
for a multi-sensor system, which realizes 3D location detec-
tion and tracking of an anonymous target. According to the
simulation results, the proposed technique clearly outperforms
the existing scheme with a higher detection accuracy. More
importantly, the computational complexity of the proposed
technique is proved to be much lower than the existing
one, where the required trigonometric calculation number is
constant at each step, regardless of the FG iterations. Finally,
with a dynamic estimation of the variance of the FG-EKF
observer, the proposed tracking technique is shown to be more
robust against the dynamic measurement errors.
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